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Abstract 
An associative ring R with identity is called an exchange ring if R, has the exchange property 
introduced by Crawley and Jonsson (1964). We prove, in this paper, that an exchange ring R has 
stable range 1 in the following three cases: (1) primitive factors of R are Artinian; (2) R is of 
bounded index of nilpotence; (3) idempotents of R are central. Also it is shown that, for 
exchange rings, bounded index of nilpotence implies primitive factors are Artinian and that, for 
modules with the finite exchange property, cancellation from direct sums is equivalent to the 
fact that the endomorphism ring of the cancellable module has stable range 1. 
Let R be an associative ring with identity, MR a right R-module. Following Crawley 
and Jonsson [4], MR is said to have the (,fu//) e.uchange property if for every module AR 
and any two decompositions of AR 
AR = M’@N = @ Ai, 
is1 
where ML z MR, there exist submodules Af E Ai such that 
A = M’@(@ A;). 
iel 
MR is said to have thejnite exchange property (h’-exchange property) if the above 
condition is satisfied whenever the cardinality of the index set I is finite (II 1 I K). 
Warfield [lS] introduced the class of exchange rings. He called a ring R an 
exchange ring if RR has the exchange property above and proved that this definition is 
left-right symmetric. The class of exchange rings is quite large. Call a ring R semiregu- 
lar (semi-x-regular, semi-strong/y n-regular) if R/J(R) is regular (n-regular, strongly 
n-regular) and idempotents can be lifted modulo J(R). It is known in the literature 
that local rings, semiperfect rings, semiregular rings, semi-strongly n-regular rings and 
semi-n-regular rings (in the order of containment) are all exchange rings (e.g. [13, p. 
440]), while there still exist exchange rings which belong to none of the above classes 
[12, Example 1.71. 
0022-4049/95/$09.50 (’ 1995 Elsevier Science B.V. All rights reserved 
SSDI 0022-4049(94)0003 I-D 
106 H.-P. Yu, Journal of Pure and Applied Al&m 9X (1995) 105- 109 
Recall that a ring R is said to huvr stub/e ranye 1 if for any a, b E R satisfying 
aR + hR = R, there exists _r E R such that u + hq~ is right invertible (cf. [14]). Menal 
[lo, Theorem B] proved that -/z-regular rings with primitive factors Artinian have 
stable range 1. We now establish this result for exchange rings. 
Theorem 1 !f R is un exchunge ring with primitive,fuctor.s Artiniun, then R hus stable 
vunge 1. 
Proof. Let I be an ideal of R such that R/I is indecomposable as a ring and 
J(R/I) = 0. We show that R/I is Artinian, then, by Lemma 6 of [lo], R has stable 
range 1. 
Since the primitive factors of R are all Artinian, the same is true for R/I. Call a ring 
an I-ring if every nonnil left (equivalently, right) ideal contains a nonzero idempotent. 
By Proposition 1.9 of [ 123, R/I is an I-ring since J(R/I) = 0. Now applying Lemma 
1 of [lo] to R/I, we see that R/I is Artinian. 0 
Notice that rings with primitive factors Artinian include PI-rings and commutative 
rings, so we immediately have the following corollary. 
Corollary 2. Commutative exchange rings and e.uchange PI-rings have stuhle range 1. 
Our next result provides more examples of exchange rings with primitive factors 
Artinian. A ring R is said to have bounded index qf nilpofence if there exists an integer 
n such that r” = 0 for every nilpotent element r of R. The minimal such an n is called 
the index of R and denoted by i(R). Menal [lo, Theorem C] proved that if R is 
a n-regular ring of bounded index n, then the primitive factors of R are Artinian (of 
bounded index n). This is also true for exchange rings. 
Theorem 3. !f R is un exchunge ring of hounded index n, then the primitive,fac’tors qf 
R ure Arrinian (qf bounded index n). 
Proof. We use an argument of [7, Theorem 7.91. Let P be a primitive ideal of R. Then 
R/P is again an exchange ring by Nicholson [12, Proposition 1.43. We show below 
that R/P contains no infinite set of orthogonal idempotents. 
Suppose that el,ez, . . . , e,, , are orthogonal idempotents in R/P. Since idem- 
potents can be lifted modulo every ideal of an exchange ring [12, Corollary 1.3 and 
Theorem 2.11 and it is well known that orthogonality of countably (possibly finitely) 
many idempotents is preserved when lifted modulo an idempotent lifting ideal 
[9, Proposition 21.251, without loss of generality we may assume that these are 
orthogonal idempotents in R and none of them lies in P. Primitive ideals are prime, 
so there exist .xl,xz, . . . , .xn in R such that e,x,ez4P,e,x,ez.Y2e3~P, . . . , 
e, x1 e,.u,e, ... en.x,e,+, #P. Put 
r = el.Yle2 + e2x2e3 + ... + e,x,e,+ 1. 
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Clearly 9+’ = 0, whence Y” = 0 by definition of n. This is a contradiction since 
rn = e,.xle2.x2e3 ... e,.x,e,+ I $P. 
Exchange rings containing no infinite set of orthogonal idempotents are semiperfect 
[2, Corollary 71, but R/P is primitive, so J(R/P) = 0, hence R/P is simple Artinian. Let 
RIP z M,(D) for some division ring D and integer k. 
The above proof actually shows that the cardinality of any set of orthogonal 
idempotents in R/P cannot exceed the index of R, therefore k 5 n and R/P is also of 
bounded index n. 0 
Corollary 4. Exchange rings of hounded index of nilpotence huve stub/e range 1. 
Remark 5. For rings in general, there is no implication between “bounded index of 
nilpotence” and “primitive factors Artinian”. Cozzens’ nondivision simple domain [3] 
shows the former does not imply the latter, and an example of Goodearl [7, p. 771 
shows the latter does not imply the former. 
Although it seems unlikely that exchange rings with all idempotents central would 
have bounded index of nilpotence or primitive factors Artinian, we still can prove the 
following result, which (and Corollary 8) was motivated by the corresponding result 
for regular rings [7, Corollary 3.111. 
Theorem 6. Exchange rinys with all idempotents central huve stuhle range 1. 
Proof. A ring R has stable range 1 if and only if R/J(R) has stable range 1 [14, 
Theorem 2.23, so we may assume J(R) = 0. For an exchange ring R with zero 
Jacobson radical, idempotents are central if and only if R contains no nonzero 
nilpotent element [13, Lemma 4.101. Thus R is of bounded index 1. Now the result 
follows from Theorems 3 and 1. 0 
Exchange rings with all idempotents central have been characterized as rings with 
local stalks by Burgess and Stephenson [l]. 
Corollary 7. Jf R is (I ring in which 2 is invertible und every element is u sum qf an 
idempotent and a central unit, then R has stable runge 1. 
Proof. R is an exchange ring by Proposition 1.8 of Nicholson [12]. We prove that 
every idempotent of R is central and the result follows from Theorem 6. 
Let .Y’ = x E R be an idempotent and x = e + u with e2 = e and u is a central unit. 
Then (e + u)’ = e2 + 2eu + u2 = e + u. So e = (1 - u)/2, hence .x, is central. 0 
It is an open question whether a strongly rc-regular ring R always has stable range 1. 
Goodearl and Menal [S, Theorem 5.8 and Corollary 6.21 proved that this is at least 
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true in two special cases, i.e. when R is regular, or every element of R is a sum of a unit 
and a central unit. We can now add two more cases to this list: (1) when idempotents 
are all central; (2) when l/2 E R and every element is a sum of an idempotent and 
a central unit. But there still exist strongly n-regular rings with noncentral idem- 
potents [13, Example 4.61. 
Corollary 8. Every ~-regular (in particular, strongly 7c-regular) ring with all idempotents 
central, or with 2 invertible and every element is a sum ofan idempotent and a central unit 
has stable range 1. 
Perhaps one of the most important features of the stable range 1 condition is the 
cancellation of related modules from direct sums. Evans [S, Theorem 21 proved that if 
the endomorphism ring of a module M has stable range 1, then MOA 2 MOB 
implies A z B. The converse of Evans’ theorem is false in general (e.g. Z,). Our final 
result of this paper says that the converse of Evans’ theorem is true for a large class of 
modules, namely, modules with the finite exchange property. Since a module M has 
the finite exchange property if and only if end M is an exchange ring [ 15, Theorem 23, 
we begin by investigating the special case of module RR. 
Theorem 9. For an exchange ring R, the following are equivalent: 
(1) R has stable range 1 (see the definition before Theorem 1). 
(2) For any e, h E R satisfying e2 = e, eR -I- bR = R, there exists y E R such that 
ey + h is a unit. 
(3) RR@A 2 Rn@B implies A z B for any right R-modules A, B. 
(4) eR r,fR implies (1 - e)R z (1 -,f)R,for any idempotents e and,f af R. 
Proof. (3) o (4): For modules with the finite exchange property, cancellation from 
direct sums is equivalent o internal cancellations [l 1, Proposition 1.231. 
(1) o (2): One direction is trivial. For the other direction, assume that 
aR + hR = R. By Proposition 2.9 of Nicholson [12], there exists an idempotent 
e E aR such that eR + bR = R. Then there exists y E R such that ey + b is a unit, hence 
ary + b is a unit, where e = ar. 
(1) 3 (3): Trivial by Evans’ theorem above. 
(4) + (2): Let eR + bR = R with e2 = e. We show that there exists y E R such that 
ey + b is a unit. Since R is an exchange ring, by Proposition 1.11 of Nicholson [12], 
we may assume that (1 - e) E bR, hence (1 - e)R E (1 - e)bR. Without loss of gener- 
ality, we may further assume that eb = 0 (otherwise replace b by (1 - e)b). Therefore, 
bR = (1 - e)R and let bc = 1 - e. We have bcb = b and,f = 1 - cb is an idempotent. 
Clearly, left multiplication by c gives an isomorphism from (1 - e)R to (1 -,f)R, 
hence eR r,fR by assumption. Then the direct sum of the two isomorphisms above is 
an automorphism of RR, hence is given by the left multiplication of a unit u E R and 
coincides with the left multiplication of c when restricted on (1 - e)R. So bu = 1 - e 
andb+eu-‘=u -’ is a unit as desired. 0 
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Theorem 10 (A partial converse of Evans’ theorem). For u module MR wirh the,finite 
e.xchunye property, the,following are equivalent: 
( 1) M cuncels,fiom direct sums (i.e. Me A 2 M @B implies A z B ,for any modules 
AR und BR). 
(2) M has the internal cancellation property (i.e. M = L, 0 N, = L,@ Nz and 
L, z Lz imply N, z N2). 
(3) end MR has stable range 1. 
Proof. It only remains to show that (2) implies (3). Put S = end MR, we need only to 
verify that S satisfies (4) of Theorem 9, si,nce S is an exchange ring. 
Let eS s.fS, then Ime r 1m.f From M = Ime@Im(l - e) = Im,f@ Im(1 -f), we 
get Im( 1 - e) g Im( 1 -.f). Then there exists a unit u E S such that ueu- ’ =A therefore 
(1 - e)S Z (1 -,f)S. 0 
Warfield [ 161 proved that for semiregular rings and quasi-injective modules, 
conditions (1) and (3) are equivalent (Theorem 2.4 and Corollary 2.6). Since semiregular 
rings are exchange rings and quasi-injective modules always have the finite exchange 
property, our Theorems 9 and 10 can be viewed as generalizations of these results. 
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